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We investigate the limit mappings between inverse limits of continua with upper semi-
continuous bonding functions. Results are obtained when the coordinate mappings are
surjective, one-to-one or homeomorphisms. We construct examples showing the hypothesis
of the theorems are essential. Further, we construct an example showing that, unlike for
the inverse limits with single valued maps, properties of being monotone, conﬂuent or
weakly conﬂuent mappings between factor spaces are not preserved in the inverse limit
map.
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1. Introduction
Consider two inverse systems {Xλ, f μλ ,Λ} and {Yσ , gτσ ,Σ} and let {φ,hσ } be a mapping between those inverse sys-
tems. It was shown in [3] and [6], that if all coordinate mappings hσ : Xφ(σ ) → Yσ are monotone, then the limit mapping
lim←−{σ ,hσ } : lim←−{Xλ, f μλ ,Λ} → lim←−{Yσ , gτσ ,Σ} is also monotone. Similarly, it was shown in [1] that if the coordinate map-
pings hσ are conﬂuent or weakly conﬂuent, then the limit mapping is conﬂuent or weakly conﬂuent, respectively.
In their paper [5, Theorem 5.3, p. 126], Ingram and Mahavier showed that if X and Y are inverse limits of inverse
sequences with upper semi-continuous set valued bonding maps and each hi : Xi → Yi is a homeomorphism then lim←− hi
is a homeomorphism. In this note we show, under suitable assumptions, that if each of the hσ ’s is surjective, one-to-one,
or homeomorphisms then lim←− hσ is also surjective, one-to-one, or a homeomorphism. Further we give an example to show
that the hσ ’s can all be monotone, thus conﬂuent and weakly conﬂuent, without lim←− hσ having to be even weakly conﬂuent.
2. Preliminaries
By a map or mapping we mean a continuous function. We will consider inverse systems {Xλ, Fμλ ,Λ}, where Λ is a di-
rected set, for each λ ∈ Λ, Xλ is a topological space, and for each two indices λ,μ ∈ Λ satisfying λ  μ the multivalued
function Fμλ : Xμ → Xλ is upper semi-continuous. Moreover we assume that F λλ is the identity function on Xλ and that, for
every triple λ,μ,ν ∈ Λ satisfying λμ ν , we have F νλ ⊆ Fμλ ◦ F νμ . In this setting we may deﬁne the inverse limit space
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∏
λ∈Λ Xλ: x(λ) ∈ Xλ for λ ∈ Λ, and x(λ) ∈ Fμλ (x(μ)) for each λμ}. The members of the inverse
limits are called threads and we will use the index notation xλ rather then x(λ). This approach is more general then the
original in [5], not only by considering arbitrary directed sets as the set of indices, but mainly because the commutativity
condition F νλ = Fμλ ◦ F νμ was replaced by the inclusion F νλ ⊆ Fμλ ◦ F νμ .
Suppose two inverse systems S = {Xλ, Fμλ ,Λ} and T = {Yσ ,Gτσ ,Σ} are given. By a mapping of S to T we mean a fam-
ily {φ,hσ } consisting of nondecreasing function φ : Σ → Λ such that the set φ(Σ) is coﬁnal in Λ and of continuous
(single valued) mappings hσ : Xφ(σ ) → Yσ , such that hσ F φ(τ )φ(σ ) ⊆ Gτσhτ . Any mapping of S to T induces a limit mapping
h = lim←−{φ,hσ } : lim←− S → lim←− T deﬁned by h(x)σ = hσ (xφ(σ )). This deﬁnition generalizes the deﬁnition of a limit map in the
case of inverse limits with single valued bonding maps (see e.g. [2, p. 101]).
A continuum is a compact and connected space. A map f : X → Y between continua X and Y is called
– monotone if for every subcontinuum C of Y the preimage f −1[C] is connected;
– conﬂuent if for every subcontinuum C of Y and every component K of f −1[C] we have f (K ) = C ;
– weakly conﬂuent if for every subcontinuum C of Y there is a component K of f −1[C] such that f (K ) = C .
3. Main results
The following theorem generalizes a respective result for single valued bonding functions, see [2, Theorem 3.2.14].
Theorem 3.1. Let X = lim←−{Xλ, Fμλ ,Λ} and Y = lim←−{Yσ ,Gτσ ,Σ} where each of the spaces Xλ and Yσ is compact and each of the
functions Fμλ and G
τ
σ is upper semi-continuous. Further suppose that Σ is a directed set and Λ is linearly ordered, φ : Σ → Λ is
an order preserving function such that φ(Σ) is coﬁnal in Λ and that, for each σ in Σ , the function hσ : Xφ(σ ) → Yσ is a surjective
mapping such that hσ F
φ(τ )
φ(σ ) = Gτσhτ . Then lim←−{φ,hσ } is surjective.
Proof. Let h = lim←−{φ,hσ } and take y ∈ Y . We will show that h−1(y) = ∅. To this aim deﬁne, for ﬁnite subsets A ⊆ Σ and
B ⊆ Λ with maxφ(A) b for all b ∈ B a set
P A,B =
{
x ∈
∏
{Xλ: λ ∈ Λ}: hσ (xφ(σ )) = yσ for all σ ∈ A
and xλ ∈ Fμλ (xμ) for all λμ where λ,μ ∈ φ(A) ∪ B
}
.
One can verify that the set P A,B is compact. We will show that it is nonempty.
We will proceed by the induction on the number of elements in A. Initially assume φ(A) ∪ B = φ(A).
If A is a one element set A = {a}, then P A,B = {x ∈∏{Xλ: λ ∈ Λ}: ha(xφ(a)) = ya} and it is nonempty, because ha is
surjective.
Next, suppose for this case, that P A,B is nonempty for all sets A having n elements. Let A′ = {σ1, . . . , σn+1} ⊆ Σ where
indexing is chosen so that if j > i then φ(σ j)  φ(σi). Let x ∈ P A′\{σ1},B , then hσ1 (F φ(σ2)φ(σ1) (xφ(σ2))) = G
σ2
σ1 (hσ2 (xφ(σ2))) =
Gσ2σ1 (yσ2 ), so P A′,B = ∅.
If φ(A) ∩ B = φ(A) take x ∈ Pφ(A),φ(A) , modify coordinates of x on B\φ(A) as necessary, using induction on the number
of elements in B\φ(A) and the inclusion F λ3λ1 (xλ3 ) ⊆ F
λ2
λ1
◦ F λ3λ2 (xλ3 ) whenever λ1  λ2  λ3 to show that P A,B is nonempty
in this case.
Now observe that the sets P A,B have the ﬁnite intersection property so
⋂{P A,B : A and B are ﬁnite subsets of Σ and Λ
and maxφ(A)max B} is a nonempty. This intersection is h−1(y) thus h−1(y) = ∅. 
Corollary 3.2. Let X = lim←−{Xλ, Fμλ ,Λ}where each of the spaces Xλ is compact and each of the functions Fμλ is upper semi-continuous.
Further suppose that Λ is a linearly ordered set. Then X = ∅.
Proof. Let Y = lim←−{Yλ,Gμλ ,Λ} where for each λ ∈ Λ, Yλ = {y}, Gμλ , and φ : Λ → Λ are identity maps and hλ : Xλ → Yλ is
the constant map. Thus the hypothesis of Theorem 3.1 is satisﬁed, Y = {y} so X is nonempty since it equals the nonempty
set h−1(y). 
In our ﬁrst example we show that the exact commutativity, hi ◦ Fi = Gi ◦ Fi+1 in Theorem 3.1 is necessary.
Example 3.3. Let Xi = Yi = [0,1] for all i ∈ {1,2, . . .}, and deﬁne hi(x) = F ji (x) = x for all x ∈ [0,1] and for all i  j. Finally,
for all i ∈ {1,2, . . .} and x ∈ [0,1], let Gi(x) = [0,1]. Then each of the maps hi is surjective and hi ◦ Fi(x) ⊆ Gi ◦ f i+1(x) but
lim←−{Xi, Fi} is an arc while lim←−{Yi,Gi} is the Hilbert cube. So the limit map lim←− hi between the inverse limit spaces is not
surjective.
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also [6, Example 1, p. 58].
In the following example we will show that the condition that Λ is linearly ordered in Theorem 3.1 and Corollary 3.2
cannot be relaxed.
Example 3.4. Let Λ = {a,b, c,d, e} such that a b  e, c  d e, a d, c  b, a e, and c  e. Then Λ is a directed set. Let
Xe = {p} be a singleton and Xλ = S1 for λ ∈ Λ\{e}. Deﬁne F eb(p) = F ed(p) = S1, F bc = F ba = Fdc = id and Fda is a rotation by π .
If x is a point in lim←−{Xλ, Fμλ ,Λ} then xa = xb = xc and xc = xd = −xa , a contradiction. Thus lim←−{Xλ, Fμλ ,Λ} is empty.
Theorem 3.5. Let X = lim←−{Xλ, Fμλ ,Λ} and Y = lim←−{Yσ ,Gτσ ,Σ} where each of the functions Fμλ and Gτσ is upper semi-continuous.
Further suppose that Σ and Λ are directed sets, φ : Σ → Λ is order preserving and surjective and that, for each σ in Σ , the function
hσ : Xφ(σ ) → Yσ is one-to-one such that, for each σ ,τ in Σ satisfying σ  τ we have hσ F φ(τ )φ(σ ) = Gτσhτ . Then h = lim←−{φ,hσ } is
one-to-one.
Proof. Suppose x and y are points in X such that x = y. Since φ is surjective there is a σ ∈ Σ such that xφ(σ ) = yφ(σ ) .
Since hσ is one-to-one, hσ (xφ(σ )) = hσ (yφ(σ )). Thus h(x) = h(y). 
Without the assumption that φ is surjective the previous theorem does not hold as the following example shows.
Example 3.6. Let X1 = X3 = {p} and X2 = [0,1] with F 32(p) = [0,1], F 21 (x) = p for every x ∈ [0,1]. Further, let Y1 = Y2 = {p}
and G21(p) = p. Finally deﬁne φ(1) = 1 and φ(2) = 3. Then (p,1, p) and (p,0, p) are in X and h maps each of these to
(p, p).
Taken together Theorems 3.1 and 3.5 we have the following corollary.
Corollary 3.7. Let X = lim←−{Xλ, Fμλ ,Λ} and Y = lim←−{Yσ ,Gτσ ,Σ}where each of the spaces Xλ and Yσ is compact Hausdorff and each of
the functions Fμλ and G
τ
σ is upper semi-continuous. Further suppose that Σ is a directed set and Λ is linearly ordered, φ : Σ → Λ is an
order preserving function such that φ is surjective, hence φ(Σ) is coﬁnal inΛ, and that, for each σ inΣ , the function hσ : Xφ(σ ) → Yσ
is a homeomorphism such that hσ F
φ(τ )
φ(σ ) = Gτσhτ . Then h = lim←−{φ,hσ } is a homeomorphism.
In the following example we show inverse systems each having just two factor spaces such that the bonding functions
are continuum valued upper semi-continuous functions and there are monotone mappings between the corresponding fac-
tor spaces such that the mappings commute but the limit mapping between the inverse limit spaces is not even weakly
conﬂuent.
Example 3.8. Let Λ = {1,2} and let φ : Λ → Λ be the identity function. Deﬁne X1 = [0,1] × [0,1] and X2 = [0,1]. Let
F1 : X2 → X1 be deﬁned as follows. If x ∈ [0,1/2), F1(x) is the union of the two line segments the ﬁrst from the point
(x,0) to the point (1,0) and the second from (1,0) to (1,1), F1(1/2) is the union of three line segments, the ﬁrst from
(1/2,0) to (1,0), the next from (1,0) to (1,1) and the last from (1,1) to (1/2,1), if x ∈ (1/2,1), then F1(x) is the union
of the two line segments, the ﬁrst from (1,0) to (1,1) and the second from (1,1) to (x,1), and ﬁnally F1(1) = X1. Let
Y1 = Y2 = [0,1]. Let h1 be the projection of X1 onto its ﬁrst coordinate and h2 be the identity. Finally, deﬁne G1 : Y2 → Y1
by G1 = h1 ◦ F1.
Let X = lim←−{Xi, F ji ,Λ} and Y = lim←−{Yi,G ji ,Λ}, and h = lim←−{φ,hi} : X → Y . Then each hi is monotone, but we will
show that h is not weakly conﬂuent. To this aim deﬁne C = {(y1, y2) ∈ Y : y1 ∈ [1/3,2/3] and y1 = y2}. Then C
is a subcontinuum of Y and observe that h−1[C] = K1 ∪ K2 where K1 = {((x,0), y): x = y and y ∈ [1/3,1/2]} and
K2 = {((x,1), y): x = y and y ∈ [1/2,2/3]}. Neither of the components K1 and K2 are mapped onto C by h.
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